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Abstract. We describe an algebraic approach to combinatorial connectivity. 
As an application, we obtain canonical tree-decompositions distinguishing all 
the maximal tangles of a finite graph or matroid. For graphs we also find such 
decompositions which, for any given k, distinguish all their distinguishable 
fc-blocks and tangles of order fc + 1. If we only consider robust blocks and 
tangles, we obtain one overall tree-decomposition which refines all these tree- 
decompositions, for all k simultaneously. 

1. Introduction 

It is an ancient and well-known problem in graph theory how to decompose 
a fc-connected graph into its '(fc + l)-connected components'. For k — 1 this is 
solved by the block-cutvertex tree. For fc = 2, a similar solution was given by 
Tutte. For arbitrary fc, two solutions have so far been proposed: a graph can either 
be decomposed into parts that each contain at most one maximal fc-inseparable 
set — or k-block — as demonstrated in [1], or into parts that each contain at most 
one maximal tangle, which was proved by Robertson and Seymour [9]. There are 
examples of graphs for which these decompositions differ substantially. 

In this paper we unify the notions of a tangle of order fc -t- 1 and the notion of 
a fc-block by the notion of a k -profile. We shall prove decomposition theorems for 
these profiles that will combine, imply, and strengthen all the known decomposition 
results for fc-blocks and tangles in graphs. As in [1], all our decompositions will be 
canonical in the sense that their construction only depends on the structure of the 
graph; in particular, they are invariant under the graph's automorphisms. In addi- 
tion, our results will yield canonical tree-decompositions also of matroids, decompo- 
sitions which likewise distinguish all those matroids' maximal tangles. Specifically, 
we shall prove: 

Theorem 1. Every finite graph admits, for every integer k, a canonical tree-decom- 
position of adhesion at most fc that distinguishes all its distinguishable k-blocks and 
tangles of order fc -t- 1, and in which every k-block and every tangle of order fc* + 1 
inhabits a unique part. 

For tangles alone, we obtain the following strengthening of a result of Robertson 
and Seymour [9, 10.3]. (They construct a similar tree-decomposition which, how- 
ever, depends on a fixed vertex enumeration of the graph to 'break ties' between 
competing separations, and hence is not canonical in our sense.) 
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Theorem 2. Every finite graph admits a canonical tree-decomposition that effi- 
ciently distinguishes all its maximal tangles, and in which every maximal tangle 
inhabits a unique part. 

Using profiles, we can refine this tree-decomposition further: parts that are 
inhabited by a unique maximal tangle but still contain more than one (robust) 
block can now be split into smaller parts, so that these blocks are distinguished 
too: 

Theorem 3. Every finite graph admits a canonical tree-decom,position which, for 
all k simultaneously, efficiently distinguishes all its distinguishable robust k-blocks 
and tangles of order A; + 1. 

Extending the Robertson-Seymour theorem cited above, Geelen, Gerards and 
Whittle [6, 1.1] proved recently that the maximal tangles of a matroid can be 
distinguished by a single tree-decomposition. Using our theory, we can do the same 
canonically: 

Theorem 4. Every finite matroid M has a canonical tree- decomposition that ef- 
ficiently distinguishes all its maximal tangles, and in which every maximal tangle 

inhabits a unique part. 

The basic idea of a profile originates from the notion of a tangle. A tangle t of 
order + 1 can be understood as a 'collection of signposts' which point, for every 
separation [A, B) of order at most fc, cither to A or to B. Wwe then consider this 
side, A or B, as the 'large' side of {A, B) with respect to r.) In order to form a 
tangle, these signposts have to be consistent in the following sense: no three 'small' 
sides are allowed to cover the whole graph. 

In this way, each tangle of order A; -|- 1 can be thought of as describing one 
'(A; + l)-connected component' of the graph by telling us how to get there. The 
notion of a fc-profilc follows the same idea but weakens the consistency condition 
as follows. The small sides of three separations are now only forbidden to cover the 
whole graph if one of them is the intersection of the large sides of the other two 
separations: if the intersection of two large sides is the side of another separation, 
it must be its large side. 

A fc-block, too, identifies one side of every separation of order at most k as 
'large': the side that contains it. While fc-blocks do not necessarily induce a tangle 
of order fc -|- 1 in this way, they do induce a A-profile. This enables us to apply the 
techniques developed in [1] for separating blocks more generally to separate profiles, 
and thereby to separate both blocks and tangles at the same time. 

In order to be able to apply our results to both graphs and matroids we need to 
work in an abstract framework general enough to allow us to express separations in 
either setting. For every graph or matroid there is a natural partial ordering on its 
set of separations, based on set-inclusion. These separation posets form lattices that 
are isomorphic to their own duals. The notion of such self-dual posets and lattices, 
on which our theory of separations will be based, will be introduced in Section 2. 
In the subsequent two sections we describe 'tree-likeness' based on self-dual posets, 
and show how this gives rise to formal tree-decompositions. 

In Section 5 we introduce profiles and show under which conditions a given set 
of profiles can be distinguished in a tree-like way. This will be applied in Section 6 
to k-profiles, which involves the notion of a connectivity function, to describe the 
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order of our separations in this more general context. In Section 7 we combine the 
results of all the previous sections to establish our main results. In Section 8 and 9 
we apply our results to graphs and matroids. 

2. Basics 

2.1. Self-dual posets. A binary relation '<' on a set P is called a partial order 
on P if it is reflexive, antisymmetric and transitive. Then the tuple (P, <) is called 
a poset. We write '<' for the strict part of '<', i.e. for all a,b € P we write a < 6 if 
a <b but a^h. Given a poset (P, <) we define the inverse > by a > 6 :<^4- 6 < a for 
all a, & e P. We call (P, >) the dual of (P, <). If there is no risk for confusion we 
write just P for (P, <) and P"^ for its dual. We use '>' in the obvious way for the 
strict part of '>'. Given two elements a, 6 of a poset P we say that b is a successor 
of a, ii a < b and there is no element c ^ P with a < c < 6; in this case a is a 
predecessor of b. The interval [a, b] of two elements a, 6 e P is defined as the set of 
all elements that 'lie between' a and b, i.e. [a, b] :— {c € P \ a < c < b}. A poset is 
called discrete if each pair of its elements gives rise to a finite interval. Note that 
if a ^ 6 then [a, b] = 0. 

An element a € P is called minimal if there is no element b G P with b < a. A 
minimal element / tliat is comparable with all elements in P is called a least element. 
If a least element exists it is clearly unique and also denoted by the bottom _L of P. 
Correspondingly an element is called maximal in P if it is minimal in P** and the 
largest element of P is tlic; Iciast element of P**, and also denoted by the top T of P. 

Given two posets P and Q we call a map a : P Q a, poset homomorphism, if 
a <p b a" <Q b". A bijective homomorphism whose inverse is also a homomor- 
phism is called an isomorphism. An isomorphism a : P — >■ P is called an automor- 
phism of P. If P and P' are posets on the same ground set and a : P ^ P' is a, 
bijection from P onto P', we call a idempotent if a = a~^. If (p is an idempotent 
isomorphism between P and its dual P** we call (P, <,(fi) a. self-dual poset and for 
every a G P we call a'^ the dual of a. 

Lemma 2.1. Given a self-dual poset (P, <,ifi) we have: 

a<b^b'^ Ka"^. 

Proof. This is due to the fact that (fi is an isomorphism between P and P"^. □ 

If (P, <) is a poset then for every subset S C P the restriction of < onto S 

defines a poset {S,<^s)- Given a self-dual poset (P, <, <p), a subset S* C P is called 
symmetric if it is closed under ip; then {S, <\s,f\s) defines a self-dual poset. To 
simplify notation, and since there is no risk for confusion, we will always write < 
instead of <|5 and (fi instead of ip^s- 

2.2. Self-dual lattices. Let {L, <) be a poset and let a,b G L. If there exists the 

largest element that is smaller than both a and b, then this element is called the 
meet of a and b, denoted by a A 6. If there is the least element that is larger than 
both a and b, this is called the join of a and b, denoted by a V 6. If for all pairs of 
elements in L both meet and join exist, then (L, <) is called a lattice. Since lattices 
are special posets, all terms introduced for posets also apply to lattices. In that 
spirit a self-dual poset {L, <, ip) that is a lattice is called a self-dual lattice. 
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Example 1. Let S bo an arbitrary set and let V{S) denote the set of subsets of S. 
We define ip : V{S) ViS) via = S \ A, for all ACS. Then {P(S), C, ip) is 
a self-dual lattice -the subset lattice of S — with AaB = AnB and AV B = AuB. 

Lemma 2.2. Given a self-dual lattice {L, <, ip) and a,b £ L we have: 

(i) (a A bY = a'fyb'^ 

(ii) [aMby = af hbf 

Proof. Let x := a Ab. Then we have x < a and a; < 6 by definition of the meet 
and therefore a"^ < x*^ and 5*^ < x"^ by Lemma 2.1. So by the definition of the 
join we have y := a"^ M b"-^ < x"^ . Now if y < a;*^ then again by Lemma 2.1 we have 
X < y"^ < a and x < y'^ < b, which contradicts the definition of x. Thus we have 
shown (i). The dual argument yields (ii). □ 

While a subset of a posct is always a poset itself, this is not so for lattices. In 
the remainder of this paper we will often start with a (self-dual) lattice but their 
considered (symmetric) subsets are only treated as (self-dual) posets. So whenever 
we refer to the meet or join of two elements a and b of a given subset S C L, wc 
actually refer to their meet or join as elements of L. This has to be mentioned since 
the meet (or join) in S could also exist and differ from the meet (or join) in L. But 
note that ifoAi^G S or aM i^b G S, respectively, then this is also the meet or join, 
respectively, of a and b as elements of the poset S. 

2.3. Quasi-partition lattices. An important and natural class of self-dual lattices 
is given by quasi-partition lattices which we shall define in a moment. Consider an 
arbitrary set S and two distinct subsets A^B (1 S. Then the ordered pair {A, B) 
is called a quasi-partition of S if AU B = S. That is, contrary to the notion of a 
bipartition we do not require A and B to be disjoint. Let Q = Q{S) denote the set 
of all quasi-partitions of S. We define a partial order on Q via: 



Then it is clear from (1) that ip : Q — y Q'^ with {A, BY = {B, A) is an idempotent 
isomorphism between Q and its dual. Furthermore it is easy to verify the following: 



Which turns (Q, <, if) into a self-dual lattice. Now every subset of Q that is closed 
under A, V and ip is called a quasi-partition lattice over S. 

Example 2. The bipartitions of S form a quasi-partition lattice over S, which we 

call the bipartition lattice of S, denoted by B{S). 

If we recall Example 1 we note that the bipartition lattice of S is just another view 
of the subset lattice of S; via a : A\-^ {A, S \ A) we clearly have an isomorphism. 

Example 3. Let G = {V,E) be a finite graph and consider [Q{V),<,<fi). A 

separation of G is a quasi-partition (A, B) of V such that there is no edge in G 
with one endvertex in A \ B and the other endvertex in B \A. We shall show that 
the subset So C Q{V) of all separations of G gives rise to a quasi-partition lattice 

{Sg, <, </?) over V, which we call the separation lattice of G. 



Clearly Sg is closed under (p, so in order to show that it is also closed under A 
and V, consider {A, B), (C, D) gSg- Then {A, B)A{C, D) is given by (AnC, B\JD). 



(1) 



{A, B) < (C, D) -.^ ACC and B^ D. 



(2) 
(3) 



{A,B)A{C,D) = {An C, BUD); 
{A,B)V{C,D) = {AuC,BnD). 
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Let e = {v, w} be an edge of G with v e {B U D) \ {A D C). U v e B \ A then 
w ^ A\ B D {AnC')\{BUD), since {A, B) is a separation of G, and if w ^ i? \ A 
then V G D\C, such that w ^ C \ £> D (yl n C) \ (S U D), since (C, D) also is a 
separation of G. Thus we have {A, B) A (C, £)) G 5g and a similar argument yields 
{A, B) V (C, 2?) e <Sg, which shows that (<Sg, <, indeed is a lattice. 

2.4. Nestedness. Let {P,<,<f) be a self-dual poset and let a,b € P. Then a is 
comparable with b if either a <boi b < a and we say that a is nested with 6, written 
as a II b, if a is comparable with either 6 or 6*'. If a and 6 are not nested then they 
are crossing, written as a 6. A subset N C P is called nested if the elements of 
N are pairwise nested. 

Now let {L, <, (fi) be a self-dual lattice and let a,b & L. The comers of {a, b} are 
given hy a A b, a"^ A b, a A b'^ and AW . It is clear from the definition that the 
following lemma holds: 

Lemma 2.3. Given a self-dual lattice {L, <, ip) and a,b & L then both a and b are 
nested with every comer of {a, b}. □ 

It is also true that the corners of a pair of elements are pairwise nested. More 
precisely we have the following: 

Lemma 2.4. Given a self-dual lattice {L,<,ip) and a,b € L then each comer of 

{a, b} is srn,aller than the dual of each of the other comers. 

Proof. Applying Lemma 2.2 wc get: 

( aVb = (a'^A6'^)'^ 
aAb< i aVbf = [af Ab)f . 

[ a'^Wb = {aAb'^y 

For the other corners this follows by applying either to a, b or both at the same 
time. □ 

The notion of nestedness clearly defines a symmetric and reflexive binary relation 
on L, but in general it is not transitive. So given two crossing elements o 6 of 
L there might exist an element c £ L which is nested with both o and b. But as 
the following lemma shows, this is only possible if c relates in a specific way to the 
corners of {a, b}: 

Lemma 2.5. Let (L, <, 'f) be a self-dual lattice and a,b,c € L. If a b and c is 
nested with both a and b then c is also nested with every corner of {a, b} and either 
c or is smaller than one of the comers. 

Proof. Consider a, 6, c € i as in the statement. Since c || a we can choose x e 
{a, a^} and z e {c. c*^} such that z < x. Since c is also nested with b we can choose 
y e {6, b"^} such that z is comparable with y. liy < z then by transitivity of '<' we 
also have y < x and therefore a || 6, contradicting our assumption. Therefore we 
have z < y and hence 2; < a; Ay, by the definition of the meet. Applying Lemma 2.4 
finishes the proof. □ 

3. Treelike posets 

We assume that the reader is familiar with the concept of a graph and refer 
to [3] for all related terms. A tree is a connected (undirected) graph that does not 
embed any cycles. Given a tree T we denote its set of edges by E{T) and its set 



6 



FABIAN HUNDERTMARK 



of vertices by V(7~). Then every edge e £ E{T) can be written as an unordered 
pair e = {v,v'} with v,v' G ViJ'). An oriented path of length n in T, where n is 
a positive integer, is a sequence wqWi ■ • - Vn of pairwise distinct vertices Vi G V^(T) 
such that {vi,Vi+i} G -E(7') for aU i < n. By -E(T) we denote the set of oriented 
edges {v,v') where {v,v'} G E{T). It is straightforward to verify that T induces 
a partial order on E{T) where {v,v') < {w,w') if and only if there is an oriented 
path in T starting with vv' and ending with ww' . From the definition it is obvious 
that 

{v,v') < {w,w') <^ < {v',v), 

we just have to reverse the oriented path witnessing the one inequality, to obtain 
the other. So if we define (p : E{T) — > E{T) according to (v.w)'-'' := {w,v), then 
{E{T), <, (fi) is a self-dual poset, which we call the edge-poset of T. 

We shall emphasize three essential properties of the edge-poset of a tree. First, 
since an oriented path in a tree by definition consists of pairwise distinct vertices, 
none of the elements of an edge-poset is comparable with its dual. Second, every 
two elements in an edge-poset arc nested with each other: Consider a tree T and 
{v,v'),{'w,'w') G E{T). Since T is a tree, there is a unique shortest path in T 
containing all the vertices v,v',w and w', with one endvertex in {v,v'} and the 
other in {w,w'}. Assume v and w to be these endvertices, then {v,v') < {w',w) 
and {wjw') < {v',v). Hence, {v,v') \\ {w,w'). And finally, since all vertices in a 
tree are connected by a path of finite length, the edge-poset of a tree is discrete. 

It turns out that these properties identify precisely those self-dual posets that 
'come from a tree'. To make this precise, let (P, <,</?) be a self-dual poset. A 
symmetric subset 5 C P is called balanced if none of its elements is comparable 
with its dual. If a subset T C P is balanced and nested, it is called treelike. If P 
itself is treelike, then (P, <,</?) is called a treelike poset. The goal of this section is 
to show that the discrete treelike posets are in one-to-one correspondence with the 
trees. The first lemma simply summarizes the previous paragraph: 

Lemma 3.1. If T is a tree, then E{T) is a discrete treelike poset. □ 

The remainder of this section is devoted to the 'converse' of Lemma 3.1. The 

general approach will be as follows: We imagine a tree T and its edge-poset E{T) 
and try to re-obtain T from E^T), while on the formal level we shall only use the 
fact that E{T) is treelike and discrete. To obtain the edges of T (as a set) we 
simply identify {v, v'} with {(w, u'), (w', «)}, so in principle we group together each 
element of E{T) with its dual. But defining (or re-obtaining) the vertices of T is a 
little bit more involved. If we consider the elements of E{T) as formal pairs {v, v') 
then we can identify the vertex v with the set of all pairs (w, w') such that w = v, 
so we are grouping together all oriented edges that share the same tail- vertex. But 
this grouping of oriented edges presiipposes the concept of a vertex, which we are 
just about to deduce. Nevertheless we can use this idea of representing a vertex by 
a set of oriented edges, by expressing this 'tail incidence' by means of the partial 
order '<' on E{T). Note that if vqViV2 is an oriented path in T then {vq,vi) is 
a predecessor of {v\,V2) with respect to '<', and at the same time {v\,vq) and 
{vitV2) shall be grouped together, since they both have vi as their common tail- 
vertex. Hence, each element of E{T) is grouped together with the dual of each of 
its predecessors. 
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Now we leave the intuitive level and consider a treelike poset (T, <,(p). We define 
a binary relation '~' on T by: 

, , ( a — b, or 

I IS a predecessor or o. 

We shall show in a moment that '~' indeed defines an equivalence relation, but to 
simplify the proof, we first prove another lemma: 

Lemma 3.2. Let {B, <, ip) be a balanced poset and let a,b € B. Then a cannot be 
comparable with both b and b'^. 

Proof. In order to obtain a contradiction, assume a to be comparable with both b 
and b"^. Up to duality there are two cases. If a < 6 and b"^ < a then 6*^ < 6, in 
contradiction to the balancedness of B. While if a < 6 and a <b'^ then due to 
Lemma 2.1 we have 6*' < o*' and therefore a < a'^, again a contradiction. □ 

Lemma 3.3. If (T, <, ^p) is a treelike poset then the relation '-^ ' is an equivalence 

relation on T . 

Proof. By definition '~' is refiexive and symmetry is due to Lemma 2.1. To show 
transitivity consider three distinct elements a, 6, c e T and assume a ~ 6 and 6 ~ c. 
We have to show that a"^ is a predecessor of c. Let us first summarize what we 
know about a, 6 and c so far, due to (4) and Lemma 2.1: 

(i) a!^ is a predecessor of b; 

(ii) b'^ is a predecessor of a; 

(iii) fe*^ is a predecessor of c; 

(iv) is a predecessor of b. 

By (ii) and (iii) a is incomparable with c. Then a"^ is comparable with c, since T 
is nested. Now c< a'^ implies 

6"^ < c < a"^ < 6, 

(iii) («) 

contradicting the balancedness of T, so we have a"^ < c, as desired. 

It lasts to show that T contains no element 'between' a*^ and c. So suppose there 
is a; e T with 

(5) af <x<c. 

Since T is nested we know that x is comparable with either b or b'^. Then we have 
X b,hy (i), and b'^ -jt x, by (iii). If 6 < a; then b < c, due to (5), and b'^ < c, due 
to (iii), contradicting Lemma 3.2. On the other hand, if a; < 6^ then 

< X <b'^ < a, 

(5) (ii) 

contradicting the balancedness of T. Hence no such x exists and a"^ is a predecessor 
of c, which means a ~ c. □ 

For a € T let [a] := {b ^ a \ b G T} denote the equivalence class of a with 

respect to and let T/^ be the set of all equivalence classes of T. To show that 
ip induces a graph structure on T/^, we need the following lemma: 

Lemma 3.4. For every distinct a,b eT we have: 5 e [a] ^ 6*^ ^ [a'^] . 

Proof. If 6 G [a] then 6*^ is a predecessor of a and Lemma 2.1 yields that a*^ is a 
predecessor of b — not vice versa — so b'^ ^ [a'^] . □ 
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Hence, if we consider T/~ as a set of vertices and add an edge between [a] and 
[a*^], for all a e T, we will not construct any multiple edges. So we get a graph 
r = T{T) with: 

V{T) = T/r. 

and 

EiT) = {{[a],[a^]} | a G T}. 

Let e = {v, w} be an edge of T. Then due to Lemma 3.4 there is a unique clement 
a G V such that a'^ G w and we can identify the oriented edge {v, w) with a and 
{w,v) with a'^. Formally, for every € VCT) we define: 

T{v,w) —vDw'^, 

where w'^ = {a'^ \ a G w}. So T{v,'w) consists of a single element of T if {v, w) is 
an oriented edge of 7", and it is empty otherwise. 

Note that now '<' induces a partial order on the oriented edges E{T), since 
every oriented edge gets identified with a unique element of T. And it is easy to 
verify that E{T) is isomorphic to T as a posct. So we have shown that we can 
represent every treelike poset T as the edge-poset of a graph T. Now we want to 
show that T itself is also 'treelike' in a graph theoretic sense. 

Lemma 3.5. If vqViV2 is an oriented path in T, then there are distinct a,b gT 
such that T{vo,vi) = {a}, T{v-i,V2) = {b} and a is a predecessor ofb. 

Proof. Since (uo,wi) is an oriented edge of 7", and due to Lemma 3.4, there is a 
unique a GT with vq = [a] and vi = [a*^], thus T(vo,v\) = {a}. The same argument 
applied to {vi,V2) yields T{v\,V2) = {b}. Thus a"^ G [6] and since vq ^ V2, which 
implies a^W and therefore ^ b, we know that a is a predecessor of b. □ 

Lemma 3.6. The graph T is acyclic. 

Proof. Assume there is a cycle C in T. Then wc can enumerate its vertices as 
Vo,v-i, . . . ,Vn such that {vi,Vi+i) is an oriented edge of T, for < i < n, where 
indices are considered modulo (n + 1). Applying Lemma 3.5 to Vi-iViVi+i for all i, 
wc obtain elements ai GT with T{vi,Vij^-\) = {aj} and Oi is a predecessor of a^+i. 
But then the transitivity of '<' yields ao < an < ao, & contradiction. □ 

If we add discreteness as an additional assumption on T we arrive at the main 

result of this section: 

Theorem 3.7. // (T, <, ip) is a discrete treelike poset then T{T) is a tree. 

Proof. By Lemma 3.6 T = T{T) is an acyclic graph. So we only have to show that 
T is connected. Let a,b gT; we shall show that there is a path containing [a] and 
[b] in T. Since T is nested, a is comparable with cither b or b"^. There is an edge 
between [b] and [6'''] , so if there is a path joining [a] and [6*^] there is also one joining 
[a] and [b]. Hence, we may assume that a is comparable with b. By interchanging 
a and b, if necessary, wc may indeed assume a < b. 

As T is discrete we know that the interval / := [a, b] is finite. So there is a 
maximal chain a = ao < ■ • ■ < a„ = 6 in 7 where each ai is a predecessor of ai+i 
with respect to '<', for < i < n. Hence af G [aj+i], and therefore [af] = [a^+i], 
such that {[oi], [fli+i]) is an oriented edge in T. Thus there is an oriented path from 
[a] to [b] in T. □ 
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It is important to nicntion that the definition oi T = T{T) is 'canonical' in the 
following sense: 

Corollary 3.8. If V is a group of automorphisms ofT then T also acts on T as a 
group of automorphisms. 

Proof. If a is an automorphism of T , then a is a predecessor of h if and only if 
a" is a predecessor of 6". Hence, a ~ 6 <;4> a" ~ 6", and a maps equivalence classes 
onto equivalence classes. For the same reason a also preserves adjacency and non- 
adjacency. □ 

Together with Lemma 3.1 we can summarize the relation between discrete tree- 
like posets and trees as follows: 

Corollary 3.9. There is a one-to-one correspondence}' between the discrete treelike 

posets and the trees. More precisely we have: 

(i) If T is a discrete treelike poset, then: E{T{T)) ~ T; 

(ii) If T is a tree, then: T{E{T)) -^T. □ 

This correspondence goes even further as we shall show by Theorem 3.11. Before 

we can state it properly we need the notion of a minor — a graph G is called a minor 
of a graph G", written as G =^ G', if G can be obtained from a subgraph of G' by 
contracting edges [3, p. 19]. 

Lemma 3.10. Let T be a discrete treelike poset, let T = T{T), and let a £ T. 
Then T' = T{T — {a, a'^}) arises from T by contracting e = {[a], [a'^]}- 

Proof. Let T' := T \ {a, a*'} and let ~t and ~t' denote the equivalence relations 
obtained from T and T', respectively, according to Lemma 3.3. Let b, c be distinct 
elements of T' . If b'^ is a predecessor of c in T, then b'^ is also a predecessor of c in 
T', thus b ~T c 6 ~T' c. On the other hand, if b'^f is a predecessor of c in T' but 
not in T, then either a or a''', but not both, due to Lemma 3.2, lies between b'^ and 
c. Hence, either b ~t « and c ~t or b ~t and c ~t If we write [6]^ and 
[6]t' for the equivalence class of b with respect to ~t and ~t', respectively, then 
we have for all b GT': 



(6) [bh 



[b]T ii[b]Tn{a,a'fi} 
[a]rp U [a'^]T \ {a, a"^} otherwise 



That is, T' arises from T by deleting the edge e = {a, a'^} and merging the vertices 
[a]T and [o'^'Jt — in other words, by contracting e. □ 

Theorem 3.11. Let T be a discrete treelike poset, let T' C T be a symmetric subset 
of T and let T and T' be the corresponding trees, then: 

Proof. Let C = T \ T' and choose a well-order on C. The statement follows from 
Lemma 3.10 by transfinite induction. □ 



Formally we have a one-to-one correspondence between the isomorphism classes of the corre- 
sponding structures. 
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4. Tree-decompositions of finite sets 

Let S' be a finite set and let L C 2(5*) be a quasi-partition lattice over 5*. The 
aim of this section is to show that every treelike subset T C C gives rise to a tree- 
decomposition of S, which is a pair (T, S) of a tree T and a family <S = {St)teT of 
subsets St C S, indexed by the vertices of T, such that: 

(Tl) S = [jterSt; 

(T2) Sti n C whenever t2 lies on the ti-fa-path in T. 

The converse is also true; every tree-decomposition of S gives rise to a treelike set 
of quasi-partitions. By Lemma 3.1 E[T) is a treelike poset and every oriented edge 
e = (tl, t2) e E{T) induces a quasi-partition: Let T, denote the component of T — e 
containing ti, then 

(7) p{t,,t2) := {\J Su \J St') 

teTi t'eT2 

is a quasi-partition of S. Furthermore (ti, t2) < (^3, ^4) implies Ti C T3 and 74 C T2 
and therefore p(ti. ^2) < p{ts,ti). Hence the set of quasi-partitions induced by .E(T) 
inherits its treclikencss. 

Note that with S also T Q HQ Q{S) is finite, in particular T is discrete. So we 
can apply Theorem 3.7 to obtain a tree T — T{T) and it only lasts to construct a 
family S of subsets of S such that {T,S) satisfies (Tl) and (T2). 

Recall that the elements of T, which is a subset of Q{S), are quasi-partitions 
of S. Furthermore the vertices of T are sets of elements of T, so we can define for 
every vertex t ^ T & subset 5t C 5* via 

(8) St:=f]{A\{A,B)Gt}, 
and we define <S := {St)teT- 

Lemma 4.1. Let e = {[a], [a*']} be an edge ofT and let Ta denote the component 
ofT—e containing [a] . Then 

a={[jSt, U S't). 

Proof. Let a = {A, B). By duality it suffices to show 

(9) U^* = ^- 

ter„ 

We do that by induction on |7^[. If 7^ consists of a single vertex then this vertex 
is [a] = {a} and therefore (9) holds by definition of St- 

So let Ta consist of more than one vertex. Let {xi, . . . ,a;„} be the set of pre- 
decessors of a, such that [a] — {a, xf , . . . ,xf^}. Then [a] is incident in Ta precisely 
with the edges {[xi], [xf]}, for 1 < i < n, and hence the components of 7^ — [a] are 
given by the Tx^- Let Xi = {Xi,Yi). Then for all i we have |7iJ < \Ta\ and hence 



(10) 



U St = Xi 
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by the induction hypothesis. This yields 

U 5, = U U U 5, 

i<T<„ 

= (ah f] Y^U [J X, 

^ ' ^ l<i<n ' \<i<n 

and since xi < a, which means Xi C A, and Xi\JYi = S, this imphes (9). □ 
Theorem 4.2. T/ie pair (T, 5) is a tree- decomposition of S. 

Proof. Property (Tl) follows immediately from Lemma 4.1. To show (T2) assume 
ti,t2,ts e T such that t2 lies on the fi-ts-path in T. Let t[ bet the neighbor of t2 

on the ti-f2-path in T, let a S T such that r(t'i, t2) = {a} and let a = {A, B). By 
Lemma 4.1 we have St^ C A and C B and therefore S'jj n C A n 5. Now by 
the choice of a we have t2 = [a'^] , such that every element a"^ ^ x = {X, Y) of t2 
is a successor of a and therefore satisfies A X . And since a''' = {B,A) we have 
A n B C S't^ . Together this yields St^ r\ St^ C Ar\ B C St^. □ 

If e = {a;, j/} is an edge of T then contracting e in (T, iS) means to contract e 
in T — which merges x and y to a, new vertex ^; — and to unify the corresponding 
parts, i.e. Sz = Sy. In order to obtain an extension of Theorem 3.11 to 

tree-decompositions we show: 

Lemma 4.3. For every a G T we have 

Proo/. Let [a] = {a, ,ti, . . . , K] = {a'^, yi,..., y„}, a = (A, B), x, = {Xi, X^) 
and yi = {Yi, Yi'). Then B C Xi and A CYj for all z and j, such that 

(11) n ^i=^[a] US and fl Yj = S[a^^UA. 

l<i<Tn l^J^Ti 

On the other hand we have S[a] C A and S[af] C B, due to Lemma 4.1, and both 
and Siovj] contain AnB, due to (11) and (8). Thus 

f]{x\{X,X')G[a]u[a'^]\{a,a^}]= fl ^ fl ^i=5[a]UV]- 

l<i<m l^i^'^ 

□ 

Now if (7i,5i) and (72,52) are tree-decompositions, then the first is said to be 
a minor of the second, (7i,<Si) =^ (72,<52), if we obtain the first from the second 
by contracting edges. 

Theorem 4.4. Let Ti C T2 he treelike subsets of £{S) and {Ti,Si), {72,82) the 

corresponding tree- decompositions, then 

{Ti,Si) ^ {T2,S2). 

Proof. We can extend Lemma 3.10 by applying Lemma 4.3 to (6), and multiple 
application of this extension yields the stated relation. □ 
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5. Profiles 

Let (L, <, v) be a finite self-dual lattice. A subset -P C L is called a profile if 
the following two conditions hold: 

(PI) For all a e P and all 6 e L wc have: h < a ^ ¥' ^ P; 
(P2) For all a,b £ P wc have: {aV ^ P. 

By (PI) a profile cannot contain both a and a*^, so we can interprete'^ a profile as 
a function that chooses for some, but not necessary all, pairs {a, a'''} C L either a 
or a'^. And these choices should be made according to some consistency conditions, 
given by (PI) and (P2). Let us call the subset of L for which P makes such a choice 
the domain of P, denoted by 'D{P), i.e. we have T>{P) = P U P'^. It is obvious 
from the formulation of (PI) and (P2) that we cannot produce inconsistencies by 
considering the subset of a profile. 

Lemma 5.1. If P is a profile then P' (~ P is also a profile. □ 

We say that a G L distinguishes two profiles Po,Pi if there is i G {0,1} such 
that a G Pi and a'^ € Pi-i. For a subset 5 of i, a set of profiles V is called 
S -distinguishable, if for every pair of distinct profiles Pq, Pi G P there is an a G S* 
that distinguishes them. Given a subset S C L we call a profile S-complete if its 
domain contains S; it is called an S-profile if its domain is equal to S. 

Our aim in this section will be the following: Given a symmetric subset S C L 
and an S'-distinguishable set of S'-complete profiles P, we want to pairwise dis- 
tinguish all elements of V by means of a treelike subset T C S. There are 
clearly instances of that problem which do not have a solution: If L itself is not 
nested, consider two non-nested elements a,b G L, let S = {a, 6, a*^, 6*^} and let 
P = {{a, b}, {a, bf}, {a^, b}, {a*', b"^}}. Now V is an 5-distinguishable set of S- 
complcte profiles, but no treelike subset T C S' is able to still distinguish all el- 
ements of P. So we have to come up with another condition on S and P which 
guarantees the existence of such a desired treelike subset. 

We say that SQL separates a set P of S'-complete profiles well if P is S'- 
distinguishable and for all pairs of crossing elements a,b G S and all Pi, P2 gV we 
have: 

(12) {a, b} C Pi and {a^, b^} C P2 ^ {a V 6, a"^ V b^} C S. 

In order to proof our main result of this section, namely that this condition is indeed 
sufficient, wc need some more preparation. First wc shall show that wc can restrict 
our attention to those elements of S that are actually useful to distinguish elements 
of P. An element a G L is called V-relevant, if a distinguishes two elements of P. 
A subset i? C L is called V-relevant if all of its elements are P-relevant. 

Lemma 5.2. Let R C S be the set of all V-relevant elements in S. If S separates 

P well, then R also separates P well. 

Proof. Since R Q S, all elements of P are also i?-complete. Obviously P is R- 
distinguishablc, if and only if it is ^-distinguishable. 

Let a,b e R. and Pi,P2 G P such that the left-hand side of (12) holds. If S 
separates P well we have {a\/ b,a'^ V b'^} C S. So we only have to check that they 



See the introduction for a more detailed motivation of this notion. 
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arc both 'P-relevant. Now {a,b} C Pi, such that (a V 6)*^ ^ Pi by (P2) and since 
Pi is 5-complete we have: a V 6 e Pi . At the same time we have 

(a V bV = a'^ Ab'^ < a"^, 

2.2 (ii) 

and therefore aV b ^ P2. Since P2 is also S-complete we have (a V b)'^ G P2, thus 
aVbeR. The dual argument shows a'^ V b^ G R. □ 

A maximal clement of S is called extremal in S if it is nested with all elements 
of S. That is, a € 5 is extremal if for all 6 in 5 it holds b < a ot b'^ < a. The next 
lemma will be the cornerstone in the proof of our main theorem in this section. 

Lemma 5.3. If S separates V well and S is V-relevant, then every maximal element 
of S is extremal in S. 

Proof. Let o be a maximal element in S and consider an arbitrary b € S. If a || 6 
then 6 < a or 6'^ < a by the maximality of a. So assume a )^ b and consider 
Pi,P2 S V with o e Pi and a"^ G P2, which exist since S is non-empty and 
■P-relevant. If Pi and P2 both contain the same element of {b, 6"^} let P3 G V 
contain the other. If a € P3 we may assume {a,b} C P3 and C P2 (by 

interchanging b and b'^ if necessary). Otherwise we may assume {a,b} C Pi and 
C P3. Finally, if Pi and P2 contain distinct elements of {5,6'^} wc may 
assume {a, 6} C Pi and {a'^, 6*^} C P2. In all cases (12) yields aV b £ S and since 
a was chosen maximal we have a = aW b and therefore b < a, a, contradiction. □ 

Lemma 5.4. // S is V-relevant and a £ S extremal in S, then there is a unique 
profile Pa gV with a & Pa- 

Proof. Since S is P-relevant there is a profile P G P with a £ P. Assume that there 
is another profile P' ^ P in V with a € P'. Then there is an element b & S with 
b G P and 6*' G P' because V is S- distinguishable. By the extremality of a we have 
either 6 < o or 6''' < a, we may assume the former. But now (PI) yields b'^ ^ P', a 
contradiction. Hence, P„ := P is the unique profile in P containing a. □ 

If a is an automorphism of L and X a subset of L, we define X" := Uxex 
and if A' is a set of subsets of L we define X" := {X^jxex- Now we can proof the 
main result of this section. 

Theorem 5.5. If S separates V well then there is a treelike subset T{S,V) C S 
such that: 

(i) T{S,P) is V-relevant; 

(ii) V is T{S,V)-distinguishable; 

(Hi) if a is an automorphism of L, then T{S°',V°') = T(5, P)". 

Proof. We proof this theorem by induction on |P|. For |P| < 1 wc do not have to 
distinguish anything so we set T{S,V) := 0. In this case (i) and (ii) hold trivially 
and for (iii) note that \V"\ = \V\ so we also have T{S",V") = 0. 

Assume |P| > 2. Let P C S' be the set of all P-relevant elements of S and 
let E be the set of all extremal elements in R. Then E ^ % due to Lemma 5.2 
and Lemma 5.3. Let Te := EU E"^ , which is nested by definition of extremality, 
symmetric by construction and balanced by (PI). Now by Lemma 5.4 for every 
e G E there is a unique profile Pe G P with e G Pe, such that e distinguishes Pe 
firom all other profiles P ^ Pe in V. Let Ve := UeeB Pe and V' := V \ Ve- By 
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induction there exists a treelike subset T{S,V') C S. Then due to (i) we have 
T{S,V') C R and therefore Te \\ T{S,V'). Thus 

T{S,V) ■.= TeUT{S,V') 

is a trechkc subset of S. Due to (i) and (ii) for V' and T{S, V') and the definition 
of Te we also have (i) and (ii) for V and T{S, V). 

To verify (iii) consider an arbitrary automorphism a of L. Since R consists of 
all ■P-rclcvant elements of S we know that i?" consists of all ^"-relevant elements 
of S°' . Furthermore e is extremal in R if and only if e" is extremal in i?". Together 
with (iii) for V and T(5, V) this yields 

T(5", P") = (Te)" U T{S, V')" = T{S, V)", 

which finishes the proof. □ 

6. Profiles and connectivity functions 

As in the previous section, let {L, <,y) be a finite self-dual lattice. A function 
A : L — !■ N is called a connectivity function on L if it has the following two properties: 

(CI) Symmetry: A(a) = A(a'^) for aU a € L; 

(C2) Sub-modularity: A(a) + X{b) > A(a A 6) + A(a V b) for all a,b G L. 
Note that for any finite set S the notion of a connectivity function on the subset 
lattice of S coincides in principle"^ with the common definition of a connectivity 
function on S (cp. [9, p. 159]) except that, for technical reasons, wc require a 
connectivity function to be nonncgativc. 

So let A be a connectivity function on L and consider a nonnegative integer k. 
By Lk we denote the set of all elements of L on which A takes a value less or equal 
to k. By definition wc have Lk Q Lk' for all k < k' and by (CI) the sets Lk are 
symmetric for all k. To ease up notation we call an X/j-complete profile simply 
k-complete and an ifc-profile is called a k-profile. A profile that is a fc-profile for 
some k G N is called regular. The order of a regular profile P is the unique integer k 
for which P is a fc-profile. If P is fc-complete and k' < k, then P' := P (1 Lk' is the 
fc'-profile induced by P, and P' is said to extend to P. Two profiles Pi , P2 are called 
k- distinguishable if both are fc-complete and induce distinct /c-profiles; the smallest 
integer k for which Pi and P2 are ^-distinguishable is denoted by k(Pi,P2). An 
element a G L that distinguishes Pi from P2 and satisfies A(a) = k(Pi,P2) is said 
to efficiently distinguish Pi from P2. 

The aim of this section is to construct for every integer k and any given set 
of profiles V a treelike subset T{P, k) of L that efficiently distinguishes each pair 
of fc-distinguishable profiles in V. The general approach will be as follows: first 
we apply Theorem 5.5 to obtain a treelike set To that distinguishes all the 0- 
distinguishable profiles in P. Then we consider each pair P, P' of 1-distinguishable 
profiles in V that are not distinguished by Tg. Since Tq already distinguishes the 
0-distinguishable profiles, P and P' will induce the same 0-profile Q. For each such 
0-profile Q wc will consider the set Vq of all the extensions of Q in P. Again with 
the help of Theorem 5.5 we will construct a treelike set Tq that distinguishes all 
the 1-distinguishable profiles in Vq and is nested with Tq. All these Tq will also 
be mutually nested, such that we can define Ti as the union of To and all the Tq. 



It is easy to see that every integer-valued connectivity function wliicli also takes negative 
values can be shifted to a nonnegative connectivity function by adding a constant function. 
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Then wc consider the 2-distinguishable profiles in V that are not distinguished by Ti 
and so on. If there were no exceptions, this would define an ascending sequence 

C Ti C . . . such that each distinguishes all the ^-distinguishable profiles in 
V and we could set T{V, k) := Tfc. Unfortunately, there are exceptions. 

The problem is that, in order to distinguish two ^-distinguishable profiles P, P' 
in we could be forced to choose for an element of L that crosses all elements 
distinguishing some pair of ^-distinguishable profiles. (An example for graphs can 
be found in [1].) But it turns out that, in this case, either P or P' cannot be 
fc-complete. So we could adjust our approach, by considering at each step ^ only 
the fc-complete ^-distinguishable profiles in P. In fact, we can be a little bit less 
restrictive; we can still consider all pairs of profiles in V that are 'robustly' 
distinguishable, in a certain sense depending on k. 

A profile P is called k-rohust if for every a € P and every b £ L). \ 'D{P) either 
a*' A 6 or a*' A 6^ is not contained in P. A profile is called robust if it is fc-robust for 
every fc G N. Note that for every integer h > k every /?,-complcte profile is fc-robust. 
Furthermore, every profile that extends to a /i-complete profile is A;-robust itself. 
More generally we have: 

Lemma 6.1. Let P be a k-robust profile and consider P' C P and k' < k. Then 

(z) P' is a k-robust profile; 
{ii) P (and hence also P' ) is k' -robust. 

Proof. By Lemma 5.1 P' is a profile. Assume that P' is not fc-robust. Then there 
are a G P' and 6 G \ V{P') with {a"^ A 6, a"^ A 6'^} C P' C P. Since P is fc-robust 
we have b ^ L/. \ 'D{P) such that b G 'D{P). We may assume 6 G P which yields 

a*'A6'^ = iaybV 4 P, 

2.2 (ii) (P2) 

a contradiction. Hence P' is fc-robust, which shows (i). Statement (ii) follows 
directly from the definition of fc-robustness, since L).' C Lk. □ 

Given integers fc and £, two profiles Pi and P2 with k(Pi,P2) < £ are called 
k-robustly I -distinguishable if they induce fc-robust «;(Pi, P2)-profiles. Now we can 
prove the central result of this paper: 

Theorem 6.2. For every set V of profiles and every fc G N there is a treelike set 
T{V, k)CL such that: 

(i) each element a G T{V, fc) efficiently distinguishes a pair of k-robustly k- 

distingui.shable profiles in P ; 
{ii) for each pair of k-robustly k- distinguishable profiles P,P' G V there is an 

element in T^P, fc) that efficiently distinguishes P from P' ; 
{Hi) for every X-preserving automorphism a of L we have T{V",k) = T{'P,k)°'. 

Proof. For every £ < fc let Ve denote the set of all fc-robust i?-profiles that are induced 
by profiles in V. We shall construct an ascending sequence (T^ = ?«('P))_i<^<fe of 
treelike subsets of L such that, for every < £ < fc, we have: 

(I) X{a) = e for every a G \ T^-i; 
(II) distinguishes each pair of distinct elements of P/>-, 

(III) each a G \ T^-i efficiently distinguishes two elements of Ve\ 

(IV) for every A-preserving automorphism a of i we have Te{'P°') = T^('P)'*. 
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Then TiVjk) := Tk clearly satisfies («) and {Hi), due to (III) and (IV), re- 
spectively. To verify (ii) consider a pair of /s-robustly A'-distiiiguishable profiles 
P,P' G v. Then for £ = k{P,P') they will induce distinct ^-profiles Pi and P;, 
respectively, which both are fc-robust by Lemma 6.1. Hence we have Pe,Pe G Pe, 
such that (II) yields an element a € Ti that distinguishes Pe from P^' and therefore 
also P from P'; it does so efficiently due to (I) and the choice of £. 

We start with T_i = 0. Consider i > and assume that was already 
constructed for all < m < satisfying conditions (I) to (IV). Now consider a 
pair of profiles P, P' € Vi that are not yet distinguished by T^_i. Then, by (II) for 
i — 1 and Lemma 6.1, they induce the same element Q in Ve-i- Thus, in order to 
distinguish all pairs of profiles in Vi, we have to take a look at all profiles in Ve-i 
that extend to more than one element in Vi. 

For a profile Q G Ve-i let Vq C Vi denote the set of all extensions of Q in Vt. 
Furthermore, let Sq C L denote the set of all elements in L that are 'Pg-relevant 
and nested with T^_i. Our hope is to be able to apply Theorem 5.5 in order to 
get a treelike subset Tq C Sq which we could add to T^_i and which distinguishes 
each pair of profiles in Vq. So we have to check that: 

(*) Sq separates Vq well. 

First we have to prove that Vq is S'g-distinguishablc. If \Vq\ < 1 there is 
nothing to show. So assume there are two distinct elements P, P' G Vq. Then 
there is a G Le that distinguishes P from P'. Since both P and P' induce the same 
{£ — l)-profilc Q wc have A(a) = £. Choose a such that it is nested with as many 
elements in T|_i as possible. We shall show that a is nested with T^-i. 

Assume not. Then there is 6 G T^_i with a jj" 6; let m be such that b G Tm\Tm-i. 
Then by (I) wc have A(fe) = m and, due to (III), there arc profiles R, R' G Vm such 
that b efficiently distinguishes R from R' . We may assume a & P and b £ R, 
such that a*^ G P' and b'^ G R', and since P and P' are not m- distinguishable, 
we may also assume b E P and b £ P' . By (P2) we know that P cannot contain 
(aV^)*^ = a'^Ab'^, while P' cannot contain the dual of this corner, since a'^ Ab'^ < a'^ . 
Now if \{af A b"^) is at most £, then (a V 6) G P and (o V b)'^ G P', such that a*' A b"^ 
distinguishes P from P'. But every element c G T^-i that is nested with a is also 
nested with a*^ A 6*^, by Lemma 2.5. And since a*^ A 5"^ is also nested with b, by 
Lemma 2.3, this contradicts the choice of a. Thus we have A(a*' A b"^) > £. The 
same argument, with the roles of P and P' interchanged, yields A(a A 6*^) > £. 

In order to obtain a contradiction, we show that one of the other two corners 
of {a, b}, that is a A 6 or a''' A 6, distinguishes R from R' and has smaller A- value 
than b. We first calculate a bound on their A-value: 

X(aAb) = Xia'^yb^) < m > XiaVb'^) = A(a*'A6). 

2.2,(C1) (C2) (C2) 2. 2, (CI) 

Since R is an m-profile containing b this yields {a A 6, a*^ A 6} C P. And since R' 
is a fc-robust m-profile containing b'^, it cannot contain both a Ab and a'^ A b. So 
P' contains the dual of one of these corners, say (a A &)''' G R' . But then a A b 
distinguishes R from R' and satisfies A(a A 6) < A(6), contradicting the fact that b 
efficiently distinguishes R from R'. 

Hence, a is nested with T^_i and therefore contained in Sq. So Pg is Sq- 
distinguishable, and it lasts to verify condition (12). Consider profiles P, P' G Vq 
and consider a,b € Sq such that {a, b} C P and {o*', 6*'} C P'. Then both a and b 
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distinguish P from P' and arc nested with Ti. As wc liavc seen above, this implies 

A(o) = A(6) = i. Clearly the same holds for their duals a*^ and b'^. 

If A(a Vb) <e, then by (P2) we have a V 6 G P and by (PI) we have (a V 6)"^ = 
/\ g p' Thus, in this case, a V 6 distinguishes P from P'. Since P and P' are 

not TO-distinguishable for any m < £, this yields A(a V b) > £. The dual argument 

yields A(a'^ V 6'^) > £, and due to (C2) we have: 

A(a V 6) = A(a'^ V b"^) = £. 

So both a V 6 and a'^ V ft*' distinguish P from P'. By Lemma 2.5 both af A 6"^ and 

a Ab are nested with T^-i and by definition of nestedness this is also true for their 
duals. Thus we have {a V 6, a'^ V b'^} C Sq, which finishes the proof of (*). 

So we are able to apply Theorem 5.5 to obtain for every Q G Vg-i a treelike 
subset Tq C Sq which distinguishes each pair of profiles in Vq. Furthermore, each 

element in a £ Tq is T'cj-rclcvant, so by definition of Vq, a efficiently distinguishes 
two elements of Vq. We shall prove that we can extend T^_i by all these Tq, to 
form T^ 

By construction each Tq is nested with Tf-i. Now consider distinct elements 
Q,Q' € Ve-i and the corresponding sets Tq and Tqi, respectively. By (II) for 
£ — 1 there is an element c G T^-i that distinguishes Q from Q' . We may assume 
c E Q and G Q' . Now consider arbitrary elements a G Tq and b G Tqi. As 
a is T^Q-relevant, we have {a,a'^} C Q. Since Q satisfies (PI) we have a ^ c and 
a'^ ^ c, and since a is nested with c this yields either a < c''' or a*' < c'^, let us 
assume the former. The same argument applied to b and Q' yields b < c or b"^ < c, 
say the latter. Together this gives a < <b, such that a is nested with b. Since 
both a and 6 were chosen arbitrarily, this yields Tq \\ Tqi. Hence, 

Tt := Tt-i U U Tq 

is a nested set. Since every element of is contained in a treelike set, is also 
symmetric and balanced, and therefore treelike. We have to check that T^ satisfies 

(I) to (IV). 

To verify (I) and (III) consider an element a G T^xT^-i. By construction we have 
a € Tq, for some Q G T^^i, such that A(a) = £ and a efficiently distinguishes two 
elements of Vq c: V(. For (II) consider P.P' G Vi. If they induce distinct profiles 
Q, Q' G Vi-i, than these are efficiently distinguishes by an element a G T^-i, due 
to (II) for £ — 1, which then also efficiently distinguishes P from P'. Otherwise, if 
P and P' induce the same profile Q G Vi-i, then there is a G Tq that efficiently 
distinguishes P from P'. In both cases we have a E T(, which shows (II). 

Finally, let a be a A-preserving automorphism of L. Then clearly V^ = (Vm)", 
for every < m < £, and for Q G P^-i wc have Vqc = (Vq)" and therefore 
Sqc = {Sq}". Together with Theorem 5.5 (iii) this yields 



Tq. = T{S^.,V^.) = T{{SQr, (Vq)") = T{SQ,VQr = (Tq)", 
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and with (IV) for ^ — 1 wc get 

T^(P") = Tf_i(^")U U Tqc 

= mvr, 

which shows (IV) for £, and therefore finishes the proof. □ 

7. Tree-decompositions of connectivity-systems 

Let S be a finite set, £ C Q{S) a quasi-partition lattice over S and A a connec- 
tivity function on C Then we call (£, A) a connectivity-system'^ over S. So for the 
remainder of this section let (C, A) be a connectivity-system. 

A tree-decomposition (T, <S) of S is called a tree- decomposition of (>C, A) if for 
every {t, t') S E{T) the induced quasi-partition p{t, t') is contained in C. For e N 
we say that (T, 5) has adhesion k if the maximal value that A takes on the quasi- 
partitions induced by (T, S) is precisely fc; if T is trivial then (T, <S) has adhesion 0. 

Let (T, 5) be a tree-decomposition of (£, A) and let t e T- We say that a 
profile P inhabits the part St of (T, <S), if for all t' gT with (t', t) e E{T) we have 

Lemma 7.1. Let fc G N anrf /et (7~, 5) &e a tree- decomposition of adhesion at 
most k. Then for every k-complete profile P there is a unique vertex t G T such 
that P inhabits the part St of (T, <S) . 

Proof. Let {T,S) and P be given as in the statement. We direct the edges of T by 
making each edge {ti,t2} point from ti to t2- if and only if p{ti,t2) £ P. Hence, P 
inhabits a part St, if and only if t has out-degree 0. Now for every vertex t E T we 
have at most one outgoing edge. For assume there are {t,t'}, {t,t"} G E{T) such 
that p{t,t'), p{t,t") G P. By definition we have p{t' . t?)'^ = p{t,t'), and as we have 
seen on page 10, just after (7), we have p{t',t) < p{t.t"), sucht that (PI) yields 
p{t,t') ^ P, a contradiction. Hence every vertex in T has out-degree at most 1, 
which implies that there is a unique vertex t with out-degree 0. □ 

We say that a tree-decomposition (T, 5) (efficiently) distinguishes two profiles 
P and P' if there is an ordered edge {t,t') in T such that p{t,t') (efficiently) 
distinguishes P from P' . Now we are ready to state and prove our first main result, 
which basically is an application of Theorem 6.2: 

Theorem 7.2. Let F he a, group of X-preserving automorphisms of C and let V 
be a T-invariant set of profiles of L. Then for every integer k there is a sequence 
{Te,Se)e<k of tree- decompositions of {C,\) such that, for all t: 
(i) every (.-complete profile in V inhabits a unique part of {Ti,Si); 
(a) {Ti,Si) efficiently distinguishes every pair of k-robustly (-distinguishable pro- 
files in V; 
(Hi) (Tf .Si) has adhesion at most i; 



This definition generalizes the one given by Geelen, Gerards and Whittle [6]; If 5 is a finite 
set, and A a connectivity function on S, then A induces a connectivity function A' on B{S). Hence 
the connectivity-system (5, A) induces the connectivity-system {B{S), A'). 
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(iv) {Ti,Si) =4 {Ti+i,Se+i) fori < k; 

(v) T acts onTe as a group of automorphisms. 

Proof. We apply Theorem 6.2 to obtain a treelike subset T = T{T', k) C C Now 
we define for every ^ < fc the subset C T via := {a e T | A(o) < l). Since 
every subset of a treelike set is treelike itself, is treelike for all I. 

By Theorem 4.2, these Ti give rise to tree-decompositions {Te,Se) of A), 
which due to Lemma 4.1 satisfy (Hi). Then by Lemma 7.1 they also satisfy (i). 
By construction we have C Ti+i, such that Theorem 4.4 yields (iv). Since 
r consists of A- preserving automorphisms and due to 6.2 (iii), Ti is F-invariant. 
Hence, F induces a group of automorphisms of Te and Corollary 3.8 yields (v). 

By 6.2 (ii), for every pair P, P' of fc-robustly ^-distinguishable profiles in V there 
is a e T that efficiently distinguishes P from P', in particular we have A(a) < £. 
So by definition of Ti this implies a € T^, which yields {ii). □ 

Even though Lemma 7.1 only assures that ^-profiles inhabit a unique part of 
every tree-decomposition of adhesion at most i, it is still possible for an ^-profile 
to inhabit a part of a tree-decomposition of higher adhesion. This is in particular 
true in the context of Theorem 7.2, if we restrict our attention to sets of pairwise k- 
robustly fc-distinguishable profiles. To simplify the proof of our second main result 
we prove another lemma: 

Lemma 7.3. A profile never inhabits two distinct parts of a tree-decomposition. 

Proof. Let (7~, S) be tree-decomposition and assume that P inhabits two distinct 
parts and St^. Let t'l and t'2 denote the neighbours of ti and t2, respectively, 
on the unique ti-t2-path in T. Then both p{t'i,ti) and p{t'2,t2) are contained in 
P. On the other hand we have < (^2)^2) and therefore p{t\,t'i) < p{t'2,t2). 

Hence, pit[,ti) = p{ti,t[)f ^ P by (P2), a contradiction. □ 

Theorem 7.4. Let T be a group of X-preserving autom,orphisms of C, let k € N 
and let V be a T-invariant set of pairwise k-robustly k- distinguishable profiles. Then 
there is a tree- decomposition (T,S) of {C,\) such that 
(i) every profile in V inhabits a unique part of {T,S): 
(ii) (T, iS) efficiently distinguishes every pair of profiles in V; 

(iii) (T, 5) has adhesion at most k; 

(iv) F acts on T as a group of automorphisms. 

Proof. As in the proof of Theorem 7.2 we start with T = T{V, k) and use exactly 
the same notation. Then {T,S) := {Tk,Sk) satisfies {iii) and {iv) as in the proof of 
7.2 (iii) and 7.2 (v), respectively. Taking into account the assumptions on V, {ii) 
is equivalent to 7.2 (ii). 

To show {i) let P be an arbitrary profile in V. We define 

(13) K:=max{K{P,P')\P^P' eV}. 

By assumption we have k{P, P') < k for every P' such that k <k. Then P inhabits 
a unique part St of (7^,5^), with t G 7^, due to 7.2 (i). 

Recall from Section 3 that the vertices of T are subsets of T. Now assume that t 
(as a subset of C T) is not a vertex of T. Then by Lemma 3.10 there must be a 
ceT\T^ such that t is not a vertex of V = T(T« U {c, c^]. By 6.2 (i) there must 
be /e-robustly /c-distinguishable profiles Pi , P2 in 7-" that are efficiently distinguished 
by c. And since A(c) =: I > k, this means that Pi and P2 are both Z-complete but 
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not K-distinguishable. Hence Pi and P2 inhabit distinct parts of {T',S') but the 
same part of (7^,<Sk). By Lemma 3.10 again, tliis is only possible if both Pi and 
P2 inhabit the same part of {Tk,Sk) as P, namely St- But then {Tk,Sk) does not 
distinguish P from Pi although, by the choice of k, P and Pi are K-distinguishable, 
a contradiction to 6.2 (ii). So t is also a vertex of T and, by definition of the edgeset 
of T (see p. 8), still incident with the same edges, such that P inhabits the part St 
of {T,S). By Lemma 7.3, this part is unique, which shows (i). □ 

Adapting the corresponding definition of Geelen, Gerards, Robertson and Whit- 
tle [5], we define a tangle of {£, A) of order {k + 1) as a subset t C C such that: 

(91) for each (A, B) £ t we have X{A, B) < k; 

(6*2) for each {A, B) € £ with A(^, B) < k either {A, B) or (P, A) is in t; 
(613) if {A, B), (C, D), {E, F) e r, then AuCuD^S; 
{64:) for each a G S we have — {a}, {a}) ^ r. 

Lemma 7.5. Every tangle of order k + 1 is a robust k-profile. 

Proof Let (A, B) e t. If (C, D) < {A, B) then A U D = 5*, such that (D, C) ^ 
T due to (6'3). This shows (PI). Now for every {A,B),{C,D) G £ we have 
{Bf\D)\jA\JC = S such that (613) yields 

{A, B),{C,D) {BnD,AuC) ^ r, 

which shows (P2). Therefore t is a profile and due to (61) and (92) even a k- 
profile. If T is not robust then there is {A, B) G t and (C, D) e i3(5) with both 
(P, A) A (C, P) e r and (P, A) A (P, C) e r. But then A U (P n C) U (P n P) = 5 
yields a contradiction to (^3). □ 

A tangle t of order k is called maximal if for every tangle r' of order k' > k we 
have T (fir' . The following theorem extends a recent result by Geelen, Gerards and 
Whittle [6, Theorem 9.1]: 

Theorem 7.6. For every connectivity- system (£, A) over a finite set S there is a 
tree- decomposition {T,S) of{C,X) such that 

(i) every m,axim,al tangle inhabits a unique part of (7~, 5) ; 
(ii) (T, <5) efficiently distinguishes every pair of maximal tangles; 
(Hi) the group T of all X-preserving automorphisms of jC acts on T as a group of 
automorphisms. 

Proof By Lemma 7.5 the set V of all the maximal tangles is a set of robust and 
regular profiles. Let k be the maximal order occurring in V. Then the profiles in 
P are pairwise fc-robustly fc-distinguishable, because none is contained in an other. 
And clearly every A-preserving automorphism of C maps a max;imal tangle to a 
maximal tangle. So Theorem 7.4 yields the statement. □ 

8. Applications to graphs 

Let G = {V, E) be a finite graph and let Sq denote the separation lattice of G, as 
introduced in Example 3. Furthermore let A : Sg — > N be defined as A((A, P)) := 
\A n P|. Now A is a connectivity function on Sq'- it is clear from the definition 
that A satisfies (CI), and to verify (C2) boils down to verify that for every pair 
{A, P), (C, D) e Sg we have 

\{A n C) n (P u P)| + \{A u C) n (P n P)| = |A n P| + 1(7 n P|, 
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which can be done by simple calculations. Hence, (iSg, A) is a connectivity-system 
over V. It is easy to see that the notion of a tree-decomposition of {Sq, A) coincides 
with the common notion of a tree-decomposition of G (as defined for example in 
Diestel [3, 12.3]). We refer to the profiles of Sg as the profiles of G. 

Note that by definition of A, every automorphism of G is a A-preserving auto- 
morphism of Sg- So Theorem 7.2 and Theorem 7.4 read out particularly well when 
specialised to graphs. In the remainder of this section we aim to demonstrate their 
usefulness by first characterising the profiles of G in more tangible and maybe more 
graph-theoretic terms. Afterwards we consider two special classes of profiles which 
have been studied before under different name. 

8.1. Profiles of graphs. To ease up notation we write G—S for the graph obtained 
from G by deleting a set S of vertices and all edges incident with S. With a slight 
looseness we also write G—S instead of V{G — S), which should not lead to any 
confusion. 

Lemma 8.1. For every set S of vertices and every profile P , we have (V, S) ^ P. 

Proof. Assume {V, S) £ P. We have {S, V) < {V, S), such that (PI) yields {S, = 
(V, S) ^ P, a contradiction. □ 

Lemma 8.2. Let k gN with k < \V{G)\ and let P be a k-profile of Sg- Then for 
every subset S C V{G) with \S\<k there is a unique component Cs ofG — S such 
that {G-Gs,SuCs) G P. 

Proof. Consider a fc-profile P and a set S with |S'| < fc. If G — S* consists of a single 
component Cs, we have (G — Cs, S U Cs) = {S, V) € P, due to Lemma 8.1. So 
assume that there are at least two components of G — 5 and enumerate them as 

Cl,C2, - - - , Cn- 

For every 1 < i < n we have |(G - d) n (5 U Ci)\ = \S\ < k, such that 
{G—Ci , 5UGi) G T^lP) . If none of these separations is in P, then P contains the dual 
of each of them. But then P contains also (S'UGi UG2, G- (Gi UG2)), due to (P2), 
and by induction we get (S'UlJ^<,,<„ G^, G-[j^^^^^ Ci) = {V, S) e P, contradicting 
Lemma 8.1. So without loss of generality we may assume (G — Gi, 5 U Gi) € P. 
If Gi is not unique with this property we may assume (G — G2, S U G2) S P. But 
then (P2) yields ((G - Gi) U (G - G2), {S U Gi) n (5 U G2)) = {V, S) € P. Hence 
Cs '-= Gi is the desired unique component. □ 

We say that two sets of vertices of G are touching if they either share a vertex 
or there is an edge in G with one endvertex in each of the sets. 

Lemma 8.3. For every pair So, Si of sets of at most k vertices, the components 
Cso and Csi, as given by Lemma 8.2, are touching. 

Proof. Assume not. Then there are sets 5*0, Si of at most k vertices such that Csq 
and Csi do not touch. Let S'q denote the boundary of Cs^- Then S'q C Sq, such 
that Cs'g and Csg are either equal or disjoint. If they are disjoint then (P2) yields 

((G - Gs„) U (G - Csi,), {So U Cs„) n {S'^ U Gg^)) = {V, S'^) G P, 

where S'q C Sq, contradicting Lemma 8.1. Hence Gg^ = Cs^ and we may assume 
that Si already is the boundary of Cs^, for i e {0,1}. But then Si fl Csi_i — 0> 
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since every vertex in Si sends an edge to a vertex in Cs^- And again due to (P2) 
we have: 

{{G - Cso) U (G - CsJ, [So U Cs,) n (5i U CsJ) = [V, So n 5i) e P, 
which yields a contradiction to Lemma 8.1. □ 

A preference of order {k + 1) of G is a. function that maps each set S of at most 
k vertices to a component of G — S such that all images are pairwise touching (cp. 
[8, p. 98]). For a fc-profile P let fp denote the function that maps each set S of at 
most k vertices to fp{S) = Cs- 

Lemma 8.4. Let P he a k-profile and let {A, B) he a separation of order at most k. 
Then {A, B) G P, if and only if fp{AnB) C B \ A. 

Proof If {B, A) eP then {A, B) i P and if fp{Ar\B)%B\A then fp{A nB)C 
A \ B. Thus by symmetry it suffices to show that fp{Ari B) C B \ A implies 
{A, B) e p. So assume fp{Af)B)(ZB\A. Then 

{A, B)<{G- fp{A n B), {AnB)U fp{A n B)) , 

such that {A, B) € P due to (PI). □ 

Wc call a preference / of order (k + 1) tangible, if for every pair of separations 
(A, B) and (C, D) of order at most k such that f{Ar\B) CA\B, f{Cr\D) C C\D 
and |5| < fc, for 5 = A n C n U £>), we have f{S) C (A n C) \ (B U D). 

We get the following characterisation of the profiles of a graph: 

Theorem 8.5. For every fc e N we have: 

(i) If P is a k-profile then fp is a tangible preference of order fc + 1; 
(ii) If f is a tangible preference of order k + 1 then there is a k-profile Pf such 
that fpf = f- 

Proof. Statement (i) is due to Lemma 8.3, Lemma 8.4 and (P2). To verify {ii) 
consider a tangible preference / of order (fc+l). Let us define a set P of separations 
of order at most k via 

P := {{A, B) I f{A n B) C B \ A}. 

Assume that P does not satisfy (PI). Then there are {A,B),{D,C) G P with 
(C, D) < {A, B). But then /(C n £») C C \ D C ^ \ S and /(A n B) C S \ ^, a 
contradiction since A-\ B and B \ ^ do not touch. 

To verify (P2) consider {B,A),{D,C) G P. Then f{Ar\B) C A B and 
f{CnD) CC\D. Lets — AnCn (BUD). If |5| > fc then ((B, A)V(£>,C))'^ = 
{AnC, Bud) has order bigger than k and therefore not contained in P. Otherwise, 
if \S\ < k, we have f{S) C (AnC) \ {B Li D) such that {An C,B Li D) ^ P. 

Hence P is a fc-profile and we have / = fp, due to Lemma 8.4. □ 

8.2. Tangles of graphs. We now turn our attention to the tangles of a graph. 

Note that using the common definition by Robertson and Seymour [9] , a tangle of 
G is not the same as a tangle of Sq^, but still it is a robust profile of Sg- For a 
subset ^ C y let G[A] denote the subgraph of G induced by A. 



We could actually obtain the tangles of G as the tangles of a connectivity-system over the 
edgeset of G. 
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We say that a set r C Sq of separations of order at most A; is a tangle of G of 
order fc + 1 if 

(6*1) for every (A, B) £ Sg with \ Ar\B\< k, cither {A, B) or {B, A) is in r; 
(6*2) for (Ai, Si), (^2,-82), (As, B3) e r we have G[Ai] U G[A2] U G[A3] ^ G. 
It is straightforward to verify that this notion of a tangle is consistent with the one 
given in [9] . A tangle r of order k is called maximal if for every tangle r' of order 
k' > k we have t t'. 

Lemma 8.6. Every tangle of order k + 1 is a robust k-profile. 

Proof. Let r be a tangle of order k + 1. Assume that t violates (PI). Then there is 
{A, B), (G, D)gt with {B, A) < (G, D). But then G[A] UG[G] D G[A]UG[B] = G, 
contradicting (92). 

Now let {A, B), (G, D) G r. Then we have G[A] U G[G] U G[B n D] = G, and 
(6*2) yields {{A,B) V {G,D)y = {B n D,ALI C) i t, such that r satisfies (P2). 
Together with (01) this shows that r is a fc-profile. 

Finally assume that t is not robust. Then there is {A,B) G r and {C,D) e Sq 
such that both {B,A) A {C,D) and (B,A) A {D,G) are in r. But since G[A] U 
G[B n G] U G[B n £>] = G, this contradicts (612). □ 

8.3. Inseparable sets. Another important class of fc-profiles of G is given by the 
fc-inscparablc sets of G, where a set / of at least (fc + 1) vertices of G is called 
k -inseparable, if for every separation {A, B) of G of order at most k we have I Q A 
or I C B. A maximal fc-inseparable set is called a k-block. 

Lemma 8.7. Every k-inseparable set I induces a k-profile Pi, where 

Pi := {{A, B) e 5g | | A n B| < fc A I C B}. 

Proof. Let / be a fc-inscparablc set and let Pi be defined as in the statement. Let 
(.4, B) e Pi and (G, D) < {A, B). Then (L>, G) £ Pi implies I <Z Br\C Q Br\A 
such that \AC\ B\ > |/| > (fc + 1), a contradiction to the definition of Pi. Thus 
(£),G) i Pi, which shows (PI). If (A,B), (G,!)) G P/ then / C B n D. Now if 
(SnD, v4uG) has order at most fc, then / % AuG, by a similar argument as before, 
such that {B r\ D,A\J C) ^ Pi. Otherwise, if (B n £>, A U G) has order at least 
(fc + 1), then by definition it cannot be contained in P/. This shows (P2). Since, by 
definition of /c-inseparability, for every separation {A, B) of order at most k, either 
A or B contains /, Pi is fc-complete. And again by definition of Pj all its elements 
have order at most k, such that P/ is a fc-profile. □ 

We call a fc-inseparable set robust if the associated fc-profile is robust. It can be 

shown that this notion of robustness for fc-inseparable sets coincides with the one 
defined in [1]. In that way, Theorem 7.2 implies the main result of [1]. 

8.4. Distinguishing tangles and blocks. Now we are able to apply the results 
of Section 7 to tangles and blocks, in order to prove Theorem 1 to Theorem 3 from 

the introduction. If Pi and P2 each are a tangle of order fc + 1 or a fc-block, then 
Pi and P2 are called distinguishable if they are distinguishable as fc-profiles. A 
tree-decomposition (efficiently) distinguishes Pi from P2, if it does so for Pi and 
P2 treated as fc-profiles. 

Hence, a tree-decomposition distinguishes all the distinguishable fc-blocks and 
tangles of order fc + 1 if it distinguishes each pair of distinct fc-blocks, each pair of 
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distinct tangles of order fc + 1, and every tangle r of order k + 1 from every fc-block 
that is not contained in the intersection of all the large sides of r. 

Proof of Theorem 1. By Lemma 8.6 and Lemma 8.7 both a tangle of order A; + 1 
and a /c-block corresponds to a fc-profile. Distinguishable A-blocks or tangles of 
order k + 1 correspond to distinct fc-profiles and each pair of distinct fc-profiles 
is fc-robustly ^-distinguishable. Every automorphism of a graph is A-preserving 
and maps tangles to tangles and blocks to blocks, preserving their order. Hence 
Theorem 1 follows from Theorem 7.4 by considering as V the set of all A-profiles 
corresponding to fc-blocks or tangles of order k + 1. □ 

Proof of Theorem 2. Due to Lemma 8.6, the proof of Theorem 7.6 carries over. □ 

Proof of Theorem 3. Let V be the set of all profiles arising from tangles or robust 
fc-blocks, for some k. Then V only consists of robust profiles, due to Lemma 8.6 
and the definition of robustness for fc-inseparable sets. Let k be the maximal or- 
der occurring in V. Then every pair of distinguishable profiles in V is /c-robustly 
fc-distinguishable. Furthermore V is, by construction, invariant under the automor- 
phisms of G. Let (?£, Vi) be the series of tree-decompositions given by Theorem 7.2 
and let (T, V) := (Tit, Vfe). Then by 7.2 (ii), (T, V) efficiently distinguishes all the 
tangles of order l + l and robust f-blocks, for every L □ 

9. Applications to matroids 

For an introduction to matroid theory we refer to Oxley [7]. Let M be a finite 
matroid with ground set E, and let r denote its rank function. A separation of M 
is a bipartition of its ground set, that is, an element of the bipartion lattice oi E. It 
is not hard to prove*^' that A : B{E) N, with A((^, B)) := r{A) + r{B) - r{E) + 1, 
defines a connectivity function on B{E), such that {B{E),X) is a connectivity- 
system. An element {A, B) G B{E) with \{A, B) = k is called a separation of 
order k of M . By definition of A, the automorphisms of M are in one-to-one 
correspondence with the A-preserving automorphisms of B{E). 

We call a tree-decomposition of {B{E),X) a tree- decomposition of M, and a 
tangle of order k + 1 of M is defined to be a tangle of order fc + 1 of {B{E), A). It 
is easy to verify that this notion of a tangle of a matroid coincides with the one 
given by Geelen, Gerards, Robertson and Whittle [5]. Hence, Theorem 4 is a direct 
consequence of Theorem 7.6. 

Just as there are fc-blocks in graphs, there are k-blocks in a matroid: these are 
the maximal subsets B C E such that no two elements of B are separated by a 
separation of M of order at most fc. Every fc-block defines a fc-profile, so we can use 
Theorem 7.4 to obtain, for each fc, a tree-decomposition of M that distinguishes all 
its fc-blocks. (This generalizes the essence of the well-known decomposition theorem 
of Cunningham and Edmonds [2], who proved this for fc = 2.) However, such a tree- 
decomposition is already provided by Theorem 4: unlike in graphs, every fc-block 
B of M defines a tangle of M of order fc -|- 1. (Notice that, for every separation 
{X,Y) of order at most fc, B lies entirely in X or entirely in Y, so no union of 
'small' sides will ever cover B.) 



^See Corollary 1.3.4 and Chapter 8 in Oxley [7]. 
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